We construct Exceptional Field Theory for the group SO(5, 5) based on the extended (6+16)-dimensional spacetime, which after reduction gives the maximal D = 6 supergravity. We present both a true action and a duality-invariant pseudo-action formulations. All the fields of the theory depend on the complete extended spacetime. The U-duality group SO(5, 5) is made a geometric symmetry of the theory by virtue of introducing the generalised Lie derivative that incorporates a local duality transformation. Tensor hierarchy appears as a natural consequence of the algebra of generalised Lie derivatives that are viewed as gauge transformations. Upon truncating different subsets of the extra coordinates, maximal supergravities in D = 11 and D = 10 (type IIB) can be recovered from this theory.
Introduction
Recently the idea of a certain kind of geometry underlying the U-duality symmetries of toroidal compactifications of 11-dimensional supergravity [1] has gained a lot of attention. Since the seminal works [2, 3] it has been known that the field content of supergravities in lower dimensions can be organised into representations of the symmetry groups E d (for the T d compactification) that appear to be the hidden symmetries of the theories.
These symmetries have found their geometrical interpretation in the framework of exceptional geometry, which was constructed in the series of works [4, 5, 6 ] as a further development of Hitchin's generalised geometry [7, 8] . In the formalism of exceptional geometry not only the tangent space but the target space itself becomes extended by introduction of a set of new coordinates X M . From the point of view of string or M-theory these correspond to the winding modes of the extended objects, fundamental strings or M-branes. Essentially, construction of the exceptional geometry underlying the U-duality symmetry group E d of maximal supergravity compactified on a torus T d is based on the two simple principles:
• local coordinate transformations are augmented by E d transformations;
• the dynamics is restricted by a differential constraint called the section condition.
The first principle allows to consider non-geometric backgrounds, consistent from the point of view of string or M-theory, on the same footing as geometric ones [9, 10, 11, 12, 13] . The local dynamics of the theory is described by the so called generalised Lie derivative (3.1) [14, 15] , which combines the conventional translation term with a local E d transformation, plus a possible weight term. The section condition appears as a necessary constraint that must be included in order to keep the algebra of generalised Lie derivatives closed and to make it satisfy the Jacobi identity. This constraint is an exceptional geometry analogue of the level matching condition and its solutions correspond to different choices of the U-duality frame. Geometric structure of the extended space at finite distances is still not known in full detail, although there was certain progress in this direction [16, 17] .
This geometrical formalism appears as a basis for building the so-called Exceptional Field Theories (EFT), where the local duality transformations induced by the generalised Lie derivative act as gauge symmetries. These were constructed in the series of works [18, 19, 20, 21, 22, 23] for the groups E 6, 7, 8 and SL(2) × SL (3) . The EFT's for the groups E 6,7 were further extended to include fermions in a supersymmetry invariant way in [24, 25, 26] . In this paper we continue building the chain and present the (bosonic) EFT for the group SO (5, 5) that corresponds to the maximal supergravity in D = 6 spacetime dimensions. In addition to the EFT generalisation of the true action constructed by Tanii [27] and used in [28] for maximal gauged supergravity, we construct a manifestly duality invariant pseudo-action and comment on their relationship.
The full spacetime of a maximal D-dimensional supergravity is enlarged by inclusion of the extended space and all the fields now live on the full (D +n)-dimensional spacetime. Because of this natural split, the D coordinates x µ are called external while the remaining n coordinates X M are called internal. This is justified by the particular solution of the section constraint when the fields have no dependence on X M , which corresponds to the reduction of 11-dimensional supergravity on a torus T 11−D . However, the structure of EFT is richer and we show that it gives both 11-dimensional supergravity and Type IIB supergravity as less trivial solutions of the section constraint. The central pillar of EFT is the notion of covariant derivative along the external coordinates that respects the structure of extended geometry. Following the usual Yang-Mills like approach, the full content of the corresponding maximal supergravity becomes employed in the construction of covariant field strengths. Certain dual fields have to be added to the construction to ensure the covariance. We show that dynamics of the scalar sector, whose fields are encoded in the generalised metric, is determined by the so-called scalar potential that is proven to be duality invariant, although written in a non-covariant form. Its truncation to the internal space was constructed in a series of works [29, 30, 31] and its geometrical meaning was investigated in [14, 32, 33, 34] .
It is worth mentioning that although the duality symmetries of supergravities were found in toroidal compactifications, the construction of extended geometry, and hence of EFT's, is not bound to this class of backgrounds. The torus is considered as a solution of equations of motion of EFT that preserves all duality symmetries and the full set of supersymmetries. One may be interested in searching for other solutions of EFT. Certain progress in this direction has been made in the works [17] and [35] .
This paper is structured as follows. In the section 2 we describe the field content of the maximal D = 6 supergravity, the dualisations necessary for the covariant construction and the pseudo-action formalism. In the section 3 the structure of extended geometry is briefly reviewed and basic algebraic identities needed further are provided. In the section 4 we construct the covariant derivative and describe the tensor hierarchy in universal terms. The corresponding true action and the pseudo-action together with the Einstein-Hilbert term are presented in the section 5. Finally, in the section 6 we consider the solutions of the section constraint that give the embedding of the 11-dimensional supergravity and Type IIB supergravity. Our conventions and notations and details of the most laborious calculations are collected in the Appendix.
Field content and dualisations
The ungauged maximal 6-dimensional supergravity theory was originally constructed in [27] . Under the 6 + 5 decomposition the metric and the 3-form of D = 11 supergravity give rise to the following fields in the 6-dimensional theory (m, n are internal indices running from 1 to 5): It is conventional to replace the 3-form C µνρ by the 1-form that is its dual in 6 dimensions.
Together with five 1-forms A µ m and ten 1-forms A µ mn this gives a total of sixteen 1-form fields, which are conveniently organized into a Majorana-Weyl spinor representation of the duality group SO (5, 5) , A This can be used to construct the generalised metric M M N defined on the extended space:
where the inverse scalar matrix is defined by
3)
The SO(5) spinor indices are raised and lowered by the USp(4) invariant tensor Ω αβ which satisfies Ω αβ Ω βγ = −δ γ α . This construction justifies calling the scalars V M αα the generalised vielbein. In order to be able to account for the different possible gaugings of the D = 6 theory, we introduce the duals of the 2-forms and the 1-forms as independent fields [28] :
From the point of view of the gauged theory, the additional five 2-forms B µν m are added into the construction to incorporate the magnetic gaugings corresponding to the subgroups of the duality group G which are not off-shell realised in the ungauged theory. For theories in D = 4 this was done in [36, 37] . Equations of motion for the magnetic 2-forms, which are considered independent, give Bianchi identities for the 3-form field strength, while the 3-form potentials give self-duality equations, restoring the correct amount of degrees of freedom. As it was shown in [28] in the six-dimensional theory this is possible only if gaugings are turned on. Alternatively, one may consider the exceptional field construction as it is done further. While the Lagrangian itself is not duality invariant, the corresponding equations of motion can be recast into a duality covariant form. To this end, the magnetic and the electric 2-form potentials B m and B m are combined into the 10 of SO(5, 5), which we denote by B µν i , i = 1, . . . , 10 . In what follows it will be convenient to define
The coefficients here were chosen so as to make the normalisation of the fields B µν i and C µνρ M the same as in [28] . This field content of the SO(5, 5) Exceptional Field Theory is in agreement with the analysis [38] of decomposition of the E 11 representations under dimensional reduction.
Under the 6 + 5 decomposition we find the following representations R p for p-forms:
The 4-forms are dual to scalars and do not appear as independent fields in the formalism. The 5-form potentials that live in the 144 of SO (5, 5) are dual to mass deformations and are encoded in the embedding tensor, which naturally appears in the generalised Scherk-Schwarz reduction [39, 40, 41] .
As we are working in even spacetime dimension D = 6, we have to face a common subtlety when defining the action for the ( D 2 − 1)-form potential and its dual. Here one distinguishes between the genuine action and the so-called pseudo-action. The genuine action is not duality invariant itself, but the equations of motion may be cast into a duality covariant form by considering them on the same footing with Bianchi identities for the field strengths. Lagrangians of this kind were used by Tanii in his formulation of D = 6 supergravity [27] as well as in [28] in order to write down the gauged version of the theory.
In its turn a pseudo-action is written completely in terms of fully SO(5, 5) covariant objects and is invariant under the duality transformation. However, in order to compare the equations of motion one has to impose self-duality condition on the SO(5, 5) covariant 3-form field strength dressed up with scalar fields by hands.
Let us start with the kinetic term for the 2-form fields of the Tanii's action, which can be written in the following GL(5) covariant form:
where e = det eā µ . This is a genuine action and it is written only for the field strengths of the five electric 2-forms F µνρ m = dB µν m . The matrix K mn is built up from the scalar fields of the theory, and we are using the basis introduced in [28] :
where P ± = 1/2 (1± * ) is the projector on (anti)self-dual 3-forms and * denotes the Hodge duality operator. Note, that one should understand the matrix K mn as an operator, acting only on 3-forms. The coset representative is written in the following GL(5) ⊂ SO (5, 5) covariant form:
where a andȧ are the vector indices of SO(5) × SO (5) . Such choice of the basis for the scalar matrix explicitly breaks SO (5, 5) covariance, preserving only its GL (5) subgroup. This reflects the fact that the Lagrangian (2.7) is not duality invariant.
Next, let us see how the equations of motion can be unified with the Bianchi identities in a duality covariant manner. To this end, one defines another 3-form G µνρ m which is on-shell dual to the field strengths F µνρm (see [42, 43] for reviews):
Introducing a 10-plet of the 3-form field strengths as
the duality field equations and the Bianchi identities for F µνρ m can be written in an SO (5, 5) covariant form simply as * dG i = 0. We stress that the 3-form G m is defined by the equation (2.10) and it is not considered as a field strength of some magnetic 2-form potential. However, the duality covariant equations of motion can be understood as coming from the following SO(5, 5)-covariant variation 12) where the variations δB m and δB m of the magnetic and electric 2-form potentials are considered as independent. This is precisely the idea behind the action for D = 6 maximal gauged supergravity and the formulation of the true action for SO (5, 5) exceptional field theory provided here. To turn to the pseudo-action formulation it is convenient to represent the scalar matrix K mn as 13) where K 1 is symmetric and K 2 is antisymmetric. Then, the Lagrangian (2.7) decomposes as
Consider now a 10-plet of 3-forms F i whose components F m and F m are completely independent on the level of the action and are understood as field strengths of the corresponding potentials
To be able to go back to five physical degrees of freedom one introduces the following self-duality relation by hands (for a more detailed discussion see [44] and [42] ): 16) where the symmetric matrix M ij is built out of K 1 and K 2 as blocks in the following way:
The SO (5, 5) invariant symmetric tensor η ij is just a flat metric chosen to be
The condition that the self-duality relation (2.16) is invertible gives the following constraint for the scalar matrix:
Now, the self-duality equation relates the magnetic components F m to the electric ones precisely in the same way as (2.10). Indeed, let us work in the matrix notation denoting F m and F m by F 1 and F 2 respectively. Then (2.16) translates into 20) that is
Multiplying the first equation by K 2 from the left and subtracting the second one we obtain
where we used that the Hodge start squares to one acting on 3-forms in D = 6 with Lorentzian signature, * 2 = +1. Hence, under the self-duality condition (2.16) the magnetic 3-form field strength F m can be identified with the dual 3-form G m .
Using the above relations one may show that the field equations of the genuine action (2.7) together with the Bianchi identities can be obtained by varying the following duality invariant pseudo-action: Note that the self-duality constraint has to be imposed after writing the field equation for pseudo-action. One may check that the pseudo-action itself as well as its variation vanish identically upon the self-duality condition. Thus, the pseudo-action is not a reformulation of the true action but rather is a duality-invariant way to encode the equations of motion.
Extended geometry
The transformation of tensors that is consistent with the structure of extended geometry is given by KL , which is an invariant tensor of the corresponding U-duality group, is essentially a projector [14] :
Here the Greek indices α, β, γ = 1, . . . , 5 label the representation 5 of SL(5) and the index i labels the 10 of SO(5, 5) 
The invariant tensor Y M N
KL is subject to several algebraic relations that ensure closure of the algebra [15] : ), (α 6 , β 6 ) = (6, 
Using the expressions above it is useful to rewrite covariant derivative of a generalised vector in the following form
Here the last term plays the role of a weight term, which could be added to any transformation. For a generalised vector that transforms as in (3.1) the weight is equal to β d . In general for a tensor with k indices each transforming as in (3.1) the weight will be kβ d . However, one may consider generalised tensors of any weight and, as we will see later, these are necessary for the EFT construction. The second term in the expression above represents a projection of the term ∂ N Λ K on the U-duality algebra, since in general it does not belong to the structure group
This in contrast to General Relativity where any non-degenerate matrix belongs to the structure group GL(D) and one does not need a projector. In addition one introduces a differential constraint on all fields in the theory that restricts the dependence on the extended coordinate
This extra condition in particular implies the existence of trivial generalised transformations given by 
It is straightforward to check that the parameter Λ 0 M itself transforms as a generalised vector. Closure of the algebra and the Jacobi identity hold up to a trivial transformation as well. Hence for the Jacobiator of generalised transformations we have 8) where the RHS acts on any extended vector trivially up to section condition. For closure of the algebra we have
which may be viewed as a definition of the E-bracket [, ] E . Explicitly this is given by
It is important to note that the E-bracket is antisymmetric while the Dorfman bracket is not. This will play a crucial role in the construction of tensor hierarchy starting from the covariant derivative to be defined in the next section. In what follows one finds important the following Jacobi identity for the E-bracket
Covariant derivative for the D-bracket and tensor hierarchy
In the section 3 we have presented the algebra of generalised Lie derivatives that closes on the E-bracket. In this construction the fields and the generalised diffeomorphism parameter Λ M depend only on the extended coordinates X M . We now regard these coordinates as internal in the spirit of Kaluza-Klein compactification. The fields and all the gauge parameters are now allowed to depend on the external spacetime coordinates, which we denote by x µ . However, the corresponding derivative ∂ µ is not a generalised
In order to fix this we introduce a long spacetime derivative, covariant with respect to the D-bracket as in the ordinary Yang-Mills construction:
where the generalised vector field A M µ plays the role of the gauge connection. We identify this gauge connection with the vector field of the corresponding maximal supergravity that always has exactly the desired number of degrees of freedom.
Covariance of the derivative D µ with respect to the generalised Lie derivative implies the following transformation law of the gauge field A M µ :
Since D-and E-brackets differ by a trivial transformation (see (3.10)) the above choice is a matter of convention. Here we take the transformation in this form to keep the analogy with the conventional Yang-Mills construction.
As usual, the commutator of covariant derivatives defines the field strength of the gauge field:
Here the extra term with the field B µν was added since the first two terms do not form a generalised vector under the gauge transformations. Note that this term does not contribute to the generalised Lie derivative in (4.4) as it is a trivial transformation. As in the maximal gauged supergravity, field strength for the 2-form potential B µν KL is defined by the Bianchi identity for the covariant field strength F µν M :
where again the terms in the last line were added to make sure that the 3-form field strength is indeed covariant, i.e. δ Λ F µνρ KL = L Λ F µνρ KL . This term will be constructed out of the next field in the tensor hierarchy, which is the 3-form C µνρ M,KL . As above, these terms do not contribute to the Bianchi identity since they vanish identically under the appropriate contraction with the Y tensor. Finally, we will find useful the Bianchi identity that gives the 4-form field strength:
(4.6) Substituting the explicit form of the fields into this expression we obtain the 4-form:
Here one does not need to add any extra fields to covariantise the expression since it does not appear in the Lagrangian. Moreover, all possible extra terms should disappear from the Bianchi identity as well and hence do not show up at all. Due to the duality relation between F µν and F µνρσ to be derived later as the field equation of the magnetic 2-form potential B µν m , one can also write down the external diffeomorphisms for the 3-form potential C µνρ using the 2-form field strength, rather than the 4-form.
Under arbitrary variations of the p-form potentials the covariant field strengths transform as follows:
(4.8) where it proves useful to define "covariant" transformations
(4.9)
Identifying the field B µν KL with the 2-form B-field of the maximal D = 6 supergravity, we may expect its own gauge variation with a 1-form parameter Ξ µ KL to appear in the transformation law as ∆B µν KL = 2D [µ Ξ ν] KL + other terms. This will make the variations (4.8) covariant. Apparently, the gauge variation of A M µ would also be affected, and the same is true for the 3-form potential. Hence, requiring that the field strengths transform covariantly leads to the following gauge transformations of the fields corresponding to the SO(5, 5) duality group
(4.10)
2 It is important to note a subtlety that arises in even dimensions. For the off-shell formulation of the theory the field F µνρ KL in the last line of (4.10) should be replaced by G µνρ KL .
In what follows we explicitly determine the relation between the field C µνρ N,KL in the formalism above and the 3-form potentials of the corresponding gauged supergravities. These have different structures of the indices and will be related by the SO(5, 5) invariant tensors.
In order to compare with [28] , one has to use the identity for SO(5, 5) gamma-matrices
Then it is possible to rewrite the above relations in terms of the fields B µν i and C µνρ M :
For the Bianchi identities we obtain:
The covariant gauge transformation δ Λ F µνρ KL implies that the 3-form field strength is a rank 2 generalised tensor of weight λ(F (3) ) = 1/2. Indeed, decomposing the Y -tensor in terms of the projector one obtains
In what follows we will need the gauge transformation of the corresponding 10-plet F µνρ i , which takes the following suggestive form:
P N represents the generators of SO (5, 5) in terms of the gammamatrices. Here we have used the following identity 16) which is true since the left hand side is traceless with respect to 10-dimensional indices. Note that the expression (4.15) again has the form of a translational term plus weight plus an SO(5, 5) local duality rotation.
Covariant exceptional field theory
In this section we present the invariant Lagrangian for the SO(5, 5) Exceptional Field Theory, which has the following schematic structure:
Here the Einstein-Hilbert term L EH , the kinetic term for the scalar fields L sc and the vector fields potential L V can be written in a duality covariant form. In contrast, the kinetic term for the rank 2 tensor potential L T as well as the topological Lagrangian L top should be considered on a separate basis. Due to the usual subtlety with (k − 1)-forms in even D = 2k dimensions, one is not able to write the Lagrangian for the 3-form potential in a fully duality covariant form. However, for our needs only the variation of the corresponding kinetic and topological Lagrangians is enough, and that is duality covariant. Finally, one should include the potential term eV (M M N , g µν ) for the scalar fields, which depends on derivatives along X M and transforms as a density under the generalised Lie derivative, leaving the action invariant.
Universal kinetic Lagrangian
For the curvature of the external metric R µνρσ to be a scalar of weight zero under the gauge transformations induced by the generalised Lie derivative, the corresponding spin-connection ω µāb should have weight zero as well. To ensure this we set the external vielbein to be a scalar of weight λ(eā µ ) = β d . The usual equation that determines the spin-connection can be written in the following covariant form:
In addition, since all the fields are dependent on the extended coordinates, so are the parameters Λ a b of Lorentz rotations. The corresponding Lorentz-invariant Riemann scalar then differs from the usual expression and has the same form as in [20] :
Hence, the full covariant Einstein-Hilbert term takes the following form: 
This expression is explicitly covariant with respect to the local gauge transformation generated by the generalised Lie derivative. Since we have for the weight of the vielbein λ(eā µ ) = β d , the total weight counting gives (d − 2)β d = 1, which is in precise correspondence with the pattern for β d noticed in [15] . Indeed, if an expression T has weight λ(T ) = 1, then its transformation can be written as a full derivative:
This will prove useful in the verification of gauge invariance of the potential term
The kinetic term for the 1-form potential A M µ takes the following universal form:
One can substitute (2.2) for the scalar matrix M M N . Again, counting of weights gives the total weight of 1. Hence, altogether we have for the kinetic terms that can be written in a universal form:
Because of the dualisation in even dimensions one has to consider the kinetic term for the 2-form potential separately. This term together with the corresponding topological Lagrangian is considered in the next two sections.
Kinetic and topological action for the p-forms
Comparing the transformation of the 2-form field (B.8) with that of [28] we define the following fields in the 10 and5 representations:
In analogy with the prescription of the gauged maximal D = 6 supergavity we do the following replacements:
It is important to note that the replacement F µνρ m → F µνρ m only refers to the 5 of the 10 components of the field F µνρ i . The remaining dual components will be restricted by the field equation of the 3-form field C µνρ M . Hence, as was described in Section 2 the covariant on-shell 10-plet field strength becomes
Now we are able to write the full variation of the kinetic and topological Lagrangians for the p-forms with respect to variations of the p-form potentials (4.10) as follows
Although we are working with the true action that is not duality invariant, this variation gives duality covariant equations of motion for the p-form field potentials. Note, that variations of the magnetic and electric 2-form potentials are considered to be independent, while the field strength G µνρ i contains only electric degrees of freedom. This is done to obtain the duality-covariant equations of motion with the correct number of physical fields. The magnetic degrees of freedom are encoded in the field strength F i defined as
The duality relation restricting F m will follow from the equations of motion of the 3-form potential C µνρ M . The above variation is constructed in the following way. One starts with the first two terms above with an arbitrary relative coefficient κ. These simply correspond to variations coming from the kinetic terms for the 1-and 2-form potentials. Next, one adds the necessary contributions to make the expression invariant under the gauge transformations generated by Ξ µ i and Ψ µν M . The most straightforward way to see this invariance is to rewrite the above expression using the equation (B.21) as follows:
14)
The first two terms are trivially invariant under the variations Ξ µν i and Ψ µνρ M of the 2-and 3-forms respectively. To see that the Ξ µν i variations of the other two terms cancel, one integrates by parts ∂ M in the second term and uses the Bianchi identity (B.31). This gives a full derivative of the form D(F F Ξ) and hence vanishes. Cancellation of Ψ µνρ M variations works in the very same way. Note that Ξ µν i is a generalised 10-plet of weight
Let us look at the equations of motion for the 3-form potential C µνρ M which give a relation between the covariant field strength F µνρ i and G µνρ i :
This is the EFT analogue of the equation 
This is the EFT analogue of the on-shell duality relation between the 3-forms and the 1-forms (see the Section 2). This equation will prove useful for establishing invariance of the Lagrangian under external d = 5 + 1 diffeomorphisms, that will fix all the remaining freedom in choosing relative coefficients in (5.12).
The relative factor κ can not be fixed by gauge invariance and remains undetermined here. Further we will see that in order to have the Lagrangian invariant under the external (5 + 1)-dimensional diffeomorphisms generated by the shift x µ → x µ + ξ µ (x), one should set κ = 1/2.
Field equations and pseudo-action
In the previous section the true action has been constructed. In its general form it repeats the action of maximal D = 6 gauged supergravity, however with additional subtleties due to dependency on the extended coordinates. However, in order to provide a fully duality-covariant formulation of the theory one has to construct a pseudo-action.
The kinetic term for 1-and 2-form potentials has its usual form and can be easily written as 19) where M ij is the 10 × 10 duality covariant scalar matrix constructed of the matrices
as blocks (see Section 2 and the lectures [44] for more details). Here we have already set κ = 1/2 for convenience. In addition, to obtain equations of motion consistent with the first order self-duality equations and Bianchi identities one should add a topological term, that is a term that does not contain the spacetime metric g µν as well as the scalar matrices M M N or M ij . As in the gauged case the easiest way to do this is to construct its variation, since the topological Lagrangian itself is not covariant. Hence, we have
where we have used the spinor notation for F µν M and δA M µ . Given the expressions (4.12) it is straightforward to show that the above variation vanishes on the gauge transformation. Hence, the corresponding pseudo-action is duality invariant. Note, that this topological term has very similar structure to the one obtained in [45] (see the equations (4.4) and (4.6) there 3 ). Now using the general variations of the field strengths (4.8) the above variation can be recast in the following nice covariant form
where we define a p-form ω as
Using the explicit form of the variations (4.8) together with Bianchi identities (4.13) after a lengthy but straightforward calculation one shows that the variation δ(L kin + L top ) gives the same equations of motion as the true action (5.12) upon the self-duality condition that is imposed by hands. It is a common situation for Exceptional Field Theories that the topological term is most conveniently written as an integral of a full derivative over a higher-dimensional space whose boundary is the 6-dimensional spacetime 4 . With some abuse of notation this can be written as
where we used the following differential form notation
(5.24)
Again the above expression is very similar to the structure of the topological action of [45] . The particular form of the topological Lagrangian L top is not manifestly covariant and therefore is not very useful for our further discussion. Invariance of the topological action as well as equivalence of the variation of (5.23) to (5.20) goes precisely in the same way as for the E 7(7) and SL(2) × SL(3) exceptional field theories [21, 23] . Note that each term in the topological action (5.23) is of weight 1. Given that each of the field strengths employed here are gauge covariant, this ensures gauge invariance.
Hence, the full duality invariant formulation of the theory is given by the following action
4 Note, that this is just a convenient way to encode the topological term and to reproduce its variation.
There is no physical meaning of the D = 7 spacetime in this setting.
with the topological Lagrangian given by (5.23). In addition one has to impose the following self-duality condition by hands
Note, that here we use the fully-covariant field strengths. It is important to mention, that equations of motion for the 3-form potential give this self-duality relation only under the derivative γ iM N ∂ N . To return to the true action and the GL(5) formulation one has to fix the form of the SO(5, 5) invariant matrix M ij as in (2.17).
The invariant potential
Scalar fields of the theory are encoded in the generalised metric M M N , which transforms as a tensor of weight λ(M) = 0. Recall the expression for the transformation law of a tensor of weight λ:
Although a generalised vector on extended space transforming as (3.1) has the weight λ = β d , in this section we will need a more general class of fields with a different weight. Now we would like to construct a potential for the scalar fields M M N that is gauge invariant and includes derivatives with respect to X M of the generalised metric as well as the external metric g µν and its determinant g = det g µν . The desired expression turns out to be: 28) where the terms in the first line are precisely those of [29] , while the rest of the terms are needed to ensure gauge invariance. One should note the determinant √ −g in the action (5.1).
The most convenient way to check that the above potential is invariant under the transformations induced by generalised Lie derivative is to introduce a non-covariant variation:
which measures how much the variation δ of an non-covariant expression differs from its covariant variation. Then it is sufficient to check only the variations of non-covariant terms, e.g. for the first term in the potential we have:
30) The first term in the last line above automatically gives a gauge-covariant expression and we are left only with the last two terms.
Let us now explicitly calculate the non-covariant variation of the term ∂ M M KL and then list the corresponding variations for the other relevant expressions. Thus, we write:
where we added a non-zero weight for ∂ M M KL . We simplify the last line by using the section constraint and by setting the weight to be λ(∂M) = −β d , which leads to:
This choice of the weight λ(∂M) can be motivated by the fact that a geometric generalised vector, i.e. an object transforming as (3.1), has a weight β d . Hence, a derivative with respect to the coordinate X M should add a weight −β d to any expression.
Following the same steps one constructs non-covariant variations for the other relevant expressions and obtains:
Note that the weight λ(eā µ ) = β d for the vielbein derived in the previous section implies the following values:
With these conventions the total weight of each term in the potential together with the prefactor of e = det eā µ is precisely 1.
Putting all of this together we get for the variation (5.30) of the first term in the potential:
In the second line we used the fact that the matrix M M N parameterises the coset G/K with G being the U-duality group. Then one is able to construct a current
that belongs to the algebra g of the group G and is invariant under the action of the projector on the adjoint. Hence, we write
For the non-covariant part of the variation of the second term in the potential we obtain
38) where the section condition was used in the third line. To cancel the variation of the first term in the potential (5.35) one has to modify the first term in the last line above. Using the property (5.37) of the current me rewrite this term as
Next, expressing the projectors back in terms of the tensor Y M N KL and using the invariance condition in the first line of (3.3) we obtain for this term:
Hence, in total for the non-covariant part of the variation of the second term in the potential we have: 
where the section constraint was taken into account. Then, the non-covariant variations of the terms 3, 4 and 5 in the potential can be written as
(5.43) Altogether, combining these with the remaining pieces from (5.41) we obtain for the total variation
where we used the identity g
Hence, it has been explicitly shown that the potential for the scalar fields (5.28) is invariant under the transformations induced by the generalised Lie derivative up to boundary terms, which drop from the corresponding action. Remarkably, all the coefficients are fixed by the gauge invariance, up to an overall prefactor. Moreover, weight counting for the terms in the potential together with the invariance of the Einstein-Hilbert term give the correct pattern for β d . It is interesting to note, that although the invariance condition for the Y -tensor looks differently for the E 6(6) , the scalar potential is given by the same expression (5.28).
Finally, in precise analogy with the E 7(7) case [21] , to compare with the previous results [29] for the potential for M M N one uses the truncation g µν = e 2∆ η µν and rescales the generalised metric as M M N → e γ∆ M M N . To ensure the U-duality invariance the field ∆ = ∆(X) must be an independent degree of freedom.
External D=5+1 diffeomorphisms
We have seen that invariance of the Lagrangian with respect to gauge transformations generated by the generalised Lie derivative fixes the relative coefficients of different terms inside the potential. Same as in the EFT's for the other duality groups, the relative coefficients of different terms within (5.1) are fixed by imposing invariance with respect to the external diffeomorphisms. For a diffeomorphism generated by a parameter ξ µ that does not depend on the extended coordinates X M , each term in the Lagrangian is manifestly invariant. However, the situation becomes more subtle if one considers a general dependence of the parameter on extended coordinates. In close analogy with the other EFT's we consider the following transformations: In what follows we will focus mainly on the terms that contain the derivative ∂ M ξ µ , referring to them as new terms. By contrast, cancellation of the other contributions works in a way similar to the maximal gauged supergravity and hence does not require a detailed analysis. Let us start first with transformation of the kinetic term for the scalar fields M M N , whose cancellation with the kinetic term for vector fields is universal. Hence, we write
Substituting this into the variation of the kinetic term for scalars and keeping only the relevant terms we obtain:
Here the dots denote the omitted part of the variation which is not relevant for setting up the relative coefficients between the terms of (5.1). The first term above will be cancelled by a corresponding contribution from the variation of the kinetic term of the 1-form potential.
In order to cancel the second term in the expression above we consider the variation of the scalar potential V , which enters the Lagrangian with negative sign. Again, following only the most indicative terms we write (cf. [20] ):
We observe that this variation successfully cancels the variation (5.47), in line with what appears to be a common behaviour of every EFT. To see the other cancellations, let us turn to the vector-tensor sector of the model. The corresponding variation is given in the duality covariant form (5.12) . In what follows we will drop variations of the density e and the external metric g µν , which as usual complete the variations of the other terms to full derivatives. Hence, for the terms in (5.12) we have:
where in the last term we have traded the field C µνρ M,KL for C µνρ M for convenience.
Let us start with the terms (3) and (4), which upon substitution of the explicit expressions for the variation (5.45) give:
(5.50) The first and the last terms together can be organised into an expression with seven indices {µνρσκλϕ} antisymmetrised and hence vanish.
To see further cancellations consider the variation of the 2-form field strength: (5) gives:
52) where we have used the explicit from of the variation ∆ ξ C µνρ M and contracted two epsilon tensors. Observe that the first and the last terms above cancel each other off-shell.
The remaining term above cancels with the corresponding piece in (5.50) if one chooses κ = 1/2 and takes into account the self-duality condition for the field strengths G µνρ i dressed up with the scalar matrix [46] :
It is important to mention here that in the case of D = 6 maximal gauged supergravity the factor κ remains undetermined unless one considers supersymmetry invariance. The novel feature of the EFT approach is that it is fixed at the level of bosonic equations of motion.
Finally, the term (2) works in the same way as for the D = 6 maximal gauged supergravity, forming a full derivative together with the variation of the determinant e and the scalar matrix K mn .
Embeddings of D=11 and Type IIB supergavity
The coordinate space of the SO(5, 5) Exceptional Field Theory is parameterised by six external coordinates x µ and 16 extended coordinates X M . Dynamics along the latter is restricted by the section condition
In this section we consider two solutions of this equation that break the SO(5, 5) duality group to GL(5) ≃ SL (5) ×GL (1) and GL (4) ×SL (2). The corresponding split of the field content of EFT gives the field content of D = 11 and Type IIB supergravities respectively. In the latter case one finds a manifest SL (2) where the subscript denotes weight with respect to GL(1) rescalings. Using the decomposition of 16 we have for the coordinate X M :
where x m is the conventional geometric coordinate, while y mn and z mnpqr correspond to the winding modes of the M2-and M5-branes. To solve the section condition one leaves only the dependence of the five coordinates x m that restores the eleven-dimensional spacetime of the D = 11 supergravity. In the on-shell formulation equations of motion for the 3-form fields C µνρ M give the self-duality relation for the 2-form potentials leaving only five of ten. Hence, for the p-forms we have the following:
(6.4)
5 All branching rules provided in this section were obtained by using the Mathematica package LieART [47] . This reference is also recommended for theoretical background on subalgebra decomposition and branching rules, and for further references.
This nicely fits into the decomposition of eleven-dimensional fields under the split 11 = 6 + 5, that is (see (2.1)):
Upon dualizing the 3-form field C µνρ one identifies all the 1-forms here. The five 2-forms are identified with five electric 2-form potentials B µν m of the EFT. Note, that one is free to choose the five electric forms among ten B µν i by choosing an appropriate U-duality frame. If one works off-shell and keeps the 3-forms one has to keep the magnetic 2-forms as well and identify these to the fields coming from the magnetic 6-form potential of 11-dimensional supergravity. However, since we are working in the true action formalism it is more consistent to keep the discussion essentially on-shell. One has here two pairs of four coordinates each pair transforming under one of the SL(2) algebras in the decomposition. We identify the representation (4, 2, 1) with the doublet of winding coordinates y mα corresponding to the fundamental F1-string and the D1-brane. The corresponding SL (2) is then identified with S-duality group of Type IIB theory. The remaining SL(2)-doublet (4, 1, 2) is composed of the geometric coordinates x m corresponding to translational modes and the coordinates z mnr corresponding to windings of the D3-brane. This explicit choice breaks the SL(2) symmetry leaving only its GL (1) subgroup. Hence, we have the following decomposition for extended coordinates
Upon this choice of the solution of section condition one considers the embedding GL(4) × SL(2) ֒→ SO (5, 5) and the corresponding branching rules read 10) where the subscript denotes weight with respect to the GL (1) . By construction it is manifest that the GL(4) group here is not a subgroup of the GL(5) group above. Such a case would correspond to Type IIA supergravity that is a reduction of D = 11 supergravity on a circle. A nice explicit example of the relation between Type IIA and Type IIB supergravities in the O(3, 3) formulation coming from reduction of the SL(5) covariant field theory is provided in [48] .
Field content of Type IIB supergravity is decomposed as follows:
The last two fields and a half of d.o.f's of the 2-form field in the last line should be dropped due to the self-duality condition in 10 dimensions. On the level of fields, the scalar matrix M M N is composed of the 25 scalars in the usual way [49] :
The vector fields are collected according to the decomposition of the 16:
There are only five 2-form fields in the field content that correspond to the five electric 2-forms:
Note that there remain only three of six 2-forms B µνmn due to the self-duality condition. Alternatively, one may switch to the so called democratic formulation of Type IIB supergravity [50] , where all p-forms including their duals are present. In this case one has to keep the 3-form field C µνρ M and all the ten 2-forms.
Outlook and conclusion
The bosonic SO(5, 5) covariant field theory constructed here forms a link in the chain of Exceptional Field Theories with their gauge groups being the exceptional groups E d(d) [20, 21, 22, 23] , and the SL(5) [51] . The key feature of EFT is the notion of generalised Lie derivative, which is an analogue of the conventional Lie derivative with an appropriate exceptional group instead of GL(D). This transformation acts as a gauge symmetry of the theory, which is constructed in the spirit of Yang-Mills model.
We have shown how the unusual properties of the new gauge transformation such as the necessity of section condition and failure of the Jacobi identity naturally lead to tensor hierarchy. The story is kept as general as possible and can be carried over to the SL (5) and SL(2) × SL(3) groups as well. One needs to do small modifications in the identities (3.3) and (3.4) in order to go to the E 6 case (see [40] for more detailed discussion of this issue).
We construct both the true action, which gives covariant equations of motion as well as all duality relation, and the pseudo-action, which is manifestly duality invariant. The true action is not invariant under the gauge transformations induced by local coordinate transformations of the extended space. The invariant pseudo-action takes the following simple form:
Here, the topological Lagrangian is defined by an integral of an exact form over a nonphysical seven-dimensional spacetime, whose boundary is the six-dimensional physical spacetime
2)
The pseudo-action is supplemented with the modified duality covariant Einstein-Hilbert termR [g, F ] , that has the same form as in the other EFT's, and the scalar potential V that governs the dynamics of the generalised metric M M N in the extended space. The latter is written in the most general form as well. In addition one imposes the following self-duality condition by hands
We have shown that in order to have the potential invariant under duality transformations generated by Λ M one has to fix the weights of the vielbein and generalised metric to be β d and 0 respectively. This in turn fixes the value of β d that perfectly reproduces the value needed for consistency of the algebra [15] . One concludes that the construction of EFT is very rigid and natural. Gauge invariance constrains the action but leaves undetermined the relative coefficients between the Einstein-Hilbert term, the scalar potential, the kinetic term for vector fields and the action for 2-forms. We have demonstrated that all these are fixed by requiring the invariance with respect to external diffeomorphisms along ξ µ = ξ µ (x, X). The action of external diffeomorphisms on the elementary fields of the theory is provided in (5.45). Hence, the action becomes completely fixed. Note, that this is the novel feature of EFT: normally the actions of maximal gauged supergravities become fixed only after imposing supersymmetry. The construction presented here considers only the bosonic sector of maximal supergravity in 6 dimensions. Fermions and supersymmetry can be added following the similar approach as in [24, 25] .
The section constraint, which one has always to keep in mind, effectively restricts the dynamics in the extended space. There are two solutions of the condition that lead to theories in 11 and in 10 dimensions. These are given by embeddings of GL (5) and GL(4) × SL (2) in SO (5, 5) . We show that under the first embedding the field content of the constructed EFT perfectly fits the field content of D = 11 supergravity, while the second embedding gives D = 10 Type IIB supergravity with manifest SL(2) symmetry. Note, that the GL (4) is not a subgroup of the GL (5) . However, one is always allowed to do further branching with respect to the embedding GL(4) ⊂ GL (5) , which gives Type IIA supergravity. Hence, the Exceptional Field Theory construction considers D = 11 supergravity and Type IIB theory on the same footing, which is possible due to lack of 10-dimensional Lorentz symmetry.
Of special interest is the additional SL(2) symmetry of Type IIB supergravity recovered in the EFT construction. Upon decomposition of the extended coordinates Ξ M this corresponds to rotations of the translational modes and the winding modes of the D3-branes. The authors are not familiar with literature that mentions this kind of hidden symmetry and avoid any interpretation based on such schematic derivation. One possibility is that this is just an artefact of the EFT construction and appears only in the field decomposition rather than being a true symmetry of the Lagrangian. However, this seems to be an interesting direction of further research.
Another possible way to solve the section constraint is to do a generalised ScherkSchwarz reduction that relaxes the differential constraint to a set of algebraic relations on embedding tensor, known as quadratic constraints. For the E 7 covariant theory this was done in [52] . It is important to note, that as it was shown in [10] , the quadratic constraints are much weaker than the initial section condition, thus one may consider certain gaugings that break the section condition. These are claimed to correspond to the so called genuine non-geometric gaugings and are defined as such gaugings that do not belong to any geometric U-duality orbit. It is expected that such gaugings can be employed to stabilise moduli and construct inflationary potential [53] . Since classification of orbits becomes more and more complicated as the rank of the gauge group increases, exceptional field theories with simple duality groups can work as useful toy models for investigating common features. In this sense, the model constructed here is a nice analogue of the E 7 theory where one encounters pseudo-action and self-dual forms as well.
Finally, an interesting problem is to look for lifts of the known solutions of lower dimensional supergravities into EFT. Lift of the M2-brane solution into the E 7 supersymmetric EFT was recently found in [54] . A fascinating property of the constructed lift is that the corresponding higher-dimensional solution is free of singularities.
A Notations and conventions
We collect here all the notations for indices used in this paper. 
The 10-dimensional vector indices labelled by i, j are raised and lowered by the SO (5, 5) invariant tensor η ij , that is basically the flat metric. 
In the spirit of tensor hierarchy the non-covariant terms here may absorbed into variation of some 2-form B µν KL by defining the full covariant field strength
Its general variation takes the form (5, 5) and SL(5) duality groups [28] :
(B.11) For this choice of gauge transformations, the covariant field strength F µν M transforms as a generalised vector with the appropriate weight β d :
Indeed, substituting the transformations (B.11) into (B.8) and taking into account the identity forms a generalised tensor 
where again the covariant field strength F is constructed of the non-covariant one F by adding an extra term to be determined
The reader is referred to the next section for the details of this calculation. The last term here will be constructed out of the next field in the tensor hierarchy, which is the 3-form C µνρ M,KL , with some derivatives and possible contractions with the Y -tensor.
Following the analogy with the gauged supergravity we would like the transformation of the covariant field strength to be of the form
Taking the variation of (B.15) and transforming it to the form above we see, that the remaining terms can be organized into a full derivative:
.
(B.17)
Defining the variation of the last remaining supergravity tensor field C µνρ M,KL to be
we write
This leads to the following expression for the full covariant 3-form field strength:
It is straightforward to show that upon imposing the section condition the last line above does not contribute to the Bianchi identity (B.31). Using the equations (B.11) and (B.18), the gauge transformation of the covariant field strength can be written as
Let us show explicitly that the above transformation indeed reduces to the transformation law of a generalised tensor. First fix gauge transformations for the 3-form potential to be
Consider now the gauge transformations generated by Ψ µν N,KL , which give
(B.23) Since equation (B.13) implies that the particular combination transforms as a generalised tensors, the above expression is identically zero.
Next, we turn to the gauge transformations generated by Ξ µ M N , that give
where the relation
L Fµν and the identities (3.3) were used. In addition, one should note here, that the gauge transformation parameter Ξ µ KL satisfies the relation
Finally, one has to show that the rest indeed gives generalised Lie derivative of F µνρ KL .
The corresponding terms in the variation read
(B.26) Using the covariance condition (3.4) and the relation Y
(B.27)
In the third line here we used the identity (3. Again, for explicit derivation of this expression the reader is referred to the next section. was used, which is valid for any symmetric generalised tensor χ KL (= χ LK ). Finally, in the last line we have used the Jacobi identity for the E-bracket (3.11). Hence, we conclude that the covariant field strength for the 2-form field can be taken in the following form: where in the first line we used the identity (3.3) with respect to the indices {QST } while in the last line the Y -invariance identity from (3.3) was used with respect to the indices {NRP }.
B.2 Bianchi identities
Finally, using the same identities for the Y -tensor the remaining AAAA terms can be shown to exactly match the RHS of Bianchi identities.
